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INTRODUCTION:
UNLOCKING THE
SECRETS OF
GEOMETRY WITH
LESSON 5.1

Geometry  is  of ten
described as the study
of  shapes,  sizes,  and
the  p roper t i es  o f
space. But at its heart,
it is a discipline built on
elegant  relationships
and logical deductions.
Few concepts illustrate
this beauty better than
t h e  s t u d y  o f

bisectors—specifically
perpendicular bisectors
and  angle  bisectors.
For  students  working
through a typical  high
s c h o o l  g e o m e t r y
curriculum,  Lesson  5
1 Perpendicular And
Angle  Bisectors
Answers  represents a
critical  milestone.  This
lesson  moves  beyond
basic  definitions  and
challenges  learners  to
prove theorems, apply
properties,  and  solve
multi-step  problems.
Whether  you  are  a
student  looking  for
c lar i ty ,  a  teacher
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s e e k i n g  r e v i e w
material,  or  a  lifelong
learner  revisiting  the
f o u n d a t i o n s  o f
geometry,  this  article
w i l l  p r o v i d e  a
c o m p r e h e n s i v e
walkthrough of the key
concepts,  problem-
solving strategies, and
the  reasoning  behind
the  correct  answers.
The terms might sound
intimidating  at  first,
b u t  o n c e  y o u
understand  that  a
p e r p e n d i c u l a r
bisector  is  simply  a
l i n e  t h a t  c u t s  a
segment into two equal
parts at a right angle,
and an angle bisector
is a ray that divides an
angle  into  two  equal
measures,  the  entire
l e s s o n  b e c o m e s
approachable. The real
d e p t h  l i e s  i n  t h e
P e r p e n d i c u l a r
Bisector  Theorem
a n d  t h e  A n g l e
B i s e c t o r

Theorem—two  pillars
that  have  powerful
i m p l i c a t i o n s  f o r
triangles  and  other
po l ygons .  I n  t h i s
article,  we  will  break
down  each  concept,
p r o v i d e  c l e a r
examples,  and  offer
the  kind  of  step-by-
s tep  answers  you
might  find  in  a
textbook or homework
ass ignment  t i t led
"Lesson  5.1."

UNDERSTANDING
PERPENDICULAR
BISECTORS:
DEFINITIONS AND
THEOREMS

What Is a
Perpendic
ular
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Bisector?
A  perpendicular
bisector of a segment
i s  a  l i n e ,  r a y ,  o r
segment  that  meets
two  condi t ions:  i t
passes  through  the
m i d p o i n t  o f  t h e
segment,  and  i t  is
perpendicular  to  that
segment.  In  other
words,  it  divides  the
segment into two equal
lengths  and  forms  a
perfect  90-degree
ang le  w i th  i t .  Fo r
example, if you have a
s e g m e n t  A B ,  i t s
perpendicular  bisector
is the set of all points
that  are  equidistant
from  A  and  B.

The
Perpendic

ular
Bisector
Theorem
and Its
Converse
The core of Lesson 5.1
rests on two important
s t a t e m e n t s .  T h e
P e r p e n d i c u l a r
Bisector  Theorem
states: If a point lies on
the  perpendicular
bisector of a segment,
then  it  is  equidistant
from the  endpoints  of
t h e  s e g m e n t .
C o n v e r s e l y ,  t h e
Converse  of  the
P e r p e n d i c u l a r
Bisector  Theorem
says :  I f  a  po in t  i s
equidistant  from  the
e n d p o i n t s  o f  a
segment, then it lies on
the  perpendicular
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b i s e c t o r  o f  t h a t
segment.
These  theorems  are
n o t  j u s t
theoretical—they  form
the  basis  for  many
L e s s o n  5  1
Perpendicular  And
Angle  Bisectors
Answers  that  involve
proving  locations  of
points,  finding  missing
l e n g t h s ,  o r
constructing geometric
figures.  For  instance,  a
common  p rob lem
might give you triangle
ABC with a point P on
the  perpendicular
bisector  of  side  BC.
Using the theorem, you
c a n  i m m e d i a t e l y
conclude that PB = PC.

How to
Construct

a
Perpendic
ular
Bisector
Using a
Compass
While many homework
prob lems  invo lve
algebraic  or  deductive
reasoning,  geometry
often  requires  precise
c o n s t r u c t i o n .  T o
c o n s t r u c t  a
perpendicular bisector:
(1) Place the compass
at one endpoint of the
segment and draw an
arc  above  and  below
the  segment  with  a
radius  more  than  half
the length. (2) Without
changing the compass
width, repeat from the
other  endpoint.  (3)
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Draw  a  line  through
the  two  intersection
points of the arcs. That
l i n e  i s  t h e
perpendicular bisector.
Understanding  this
construction  helps
s o l i d i f y  w h y  t h e
theorem  works—the
arcs ensure the points
are  equidistant  from
both  endpoints.

MASTERING ANGLE
BISECTORS:
PROPERTIES AND
PROOFS

What Is
an Angle
Bisector?
An angle bisector is a
ray  that  divides  an
a n g l e  i n t o  t w o
congruent  angles.  For
an  angle  ∠XYZ,  the
bisector  starts  at  the
vertex  Y  and  extends

inside the angle so that
∠XYB ≅ ∠BYZ. Just like
p e r p e n d i c u l a r
b i s e c t o r s ,  a n g l e
bisectors come with a
powerful  theorem that
helps  solve  countless
geometry problems.

The Angle
Bisector
Theorem
The  Angle  Bisector
Theorem  states:  If  a
p o i n t  l i e s  o n  t h e
bisector  of  an  angle,
then  it  is  equidistant
from the  sides  of  the
angle. More commonly,
w h e n  a p p l i e d  t o
triangles,  the  theorem
has  a  different
fo rmu la t i on :  I n  a
tr iangle,  an  angle
bisector  divides  the
opposite  s ide  into
segments  proportional
to  the  lengths  of  the
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other  two  sides.  For
example,  in  triangle
ABC,  if  ray AD  bisects
∠A and meets side BC
at  point  D,  then BD /
DC = AB / AC.
Th is  propor t iona l
r e l a t i o n s h i p  i s  a
frequent  source  of
L e s s o n  5  1
Perpendicular  And
Angle  Bisectors
Answers in which you
need  to  find  a  missing
s i d e  l e n g t h .  F o r
instance,  a  problem
might  give  you  AB  =
10, AC = 15, and BC =
20 ,  and  ask  for  the
lengths of BD and DC.
Using the theorem, you
set up a proportion and
solve,  finding  BD  =  8
and  DC  =  12.

The
Converse

of the
Angle
Bisector
Theorem
J u s t  a s  w i t h
p e r p e n d i c u l a r
bisectors, the converse
holds:  I f  a  point  is
equidistant  from  the
sides of an angle, then
it  l ies  on  the  angle
bisector.  This  is  often
used  to  prove  that  a
given ray is indeed an
ang le  b i sec to r ,  a
common  requirement
in  geometry  proofs.

KEY ANSWERS
AND PROBLEM-
SOLVING
STRATEGIES FOR
LESSON 5.1

N o w  t h a t  t h e
definitions  and
theorems  are  clear,
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let's look at the types
of  problems  you  will
encounter  in  Lesson
5 . 1  a n d  h o w  t o
a p p r o a c h  t h e m
systematically.  Below
are  several  typical
question  formats  and
the  reasoning  behind
the  correct  answers.

Problem
Type 1:
Identifyin
g
Perpendic
ular
Bisectors
Quest ion:  I n  the
diagram,  line  l  is  the
perpendicular  bisector
of segment JK.  If  JK =
14, what is the length

of  JM  where  M  is  the
midpoint?
Answer: Since l is the
perpendicular bisector,
it  passes  through  the
midpoint. Therefore, JM
=  M K  =  7 .  T h i s  i s
straightforward  but
r e i n f o r c e s  t h e
definition.

Problem
Type 2:
Using the
Perpendic
ular
Bisector
Theorem
Question: Point P lies
on  the  perpendicular
bisector  of  segment
AB. If PA = 3x + 5 and
PB  =  4x  -  2,  find  the
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value  of  x  and  the
length of PA .
A n s w e r :  B y  t h e
Perpendicular  Bisector
Theorem, PA = PB. Set
up the equation: 3x +
5 = 4x - 2. Subtract 3x
from both sides: 5 = x -
2. Add 2: x = 7. Then
PA = 3(7)  + 5 = 26 .
This  type  of  algebraic
p r o b l e m  i s  v e r y
common in  Lesson 5
1 Perpendicular And
Angle  Bisectors
Answers .

Problem
Type 3:
Applying
the Angle
Bisector

Theorem
in a
Triangle
Question:  In  triangle
ABC,  ray  BD  bisects
∠B. AB = 12, BC = 18,
and AC = 20. Find the
lengths of AD and DC.
Answer:  Using  the
A n g l e  B i s e c t o r
Theorem: AD / DC = AB
/ BC = 12/18 = 2/3. Let
AD = 2x and DC = 3x.
Since AC = AD + DC =
5x = 20, we have x =
4.  Therefore  AD  =  8
and DC = 12.  Always
c h e c k  t h a t  t h e
segments  sum  to  the
whole.

Problem
Type 4:



Lesson 5 1 Perpendicular And Angle Bisectors
Answers 9

9

Proving a
Point Lies
on the

Bisector
Question:  Given  that
D is a point such that
AD = BD and ∠ADC =
∠BDC  =  90° ,  prove
t h a t  C D  i s  t h e
perpendicular  bisector
of  AB.
Answer:  Since  AD  =
B D ,  p o i n t  D  i s
equidistant from A and
B. The Converse of the
Perpendicular  Bisector
Theorem tells us that D
l i e s  o n  t h e
perpendicular  bisector
of  AB.  Additionally,
because  ∠ADC  and
∠BDC are right angles,
l i n e  C D  i s
perpendicular to AB at
D. Therefore CD meets
both conditions and is

i n d e e d  t h e
perpendicular bisector.
T h i s  c o m b i n e s
algebraic  and  logical
reasoning.

APPLICATIONS IN
TRIANGLES:
CIRCUMCENTERS
AND INCENTERS

The
Circumce
nter:
Where
Perpendic
ular
Bisectors
Meet
O n e  o f  t h e  m o s t
powerful  applications
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o f  pe rpend i cu l a r
b i s e c t o r s  i s  t h e
circumcenter  of  a
triangle.  The  three
perpendicular bisectors
of a triangle's sides are
c o n c u r r e n t — t h e y
intersect  at  a  single
p o i n t  c a l l e d  t h e
circumcenter.  This
point  is  equidistant
from all three vertices,
which means it  is  the
center of the circle that
c ircumscr ibes  the
t r i a n g l e  ( t h e
circumcircle). In Lesson
5.1 ,  you  might  be
asked to construct the
circumcenter or find its
coo rd ina tes .  The
answer  often  involves
s o l v i n g  f o r  t h e
intersection  of  two
p e r p e n d i c u l a r
bisectors. For an acute
t r i a n g l e ,  t h e
c i rcumcenter  l ies
inside the triangle; for
an  obtuse  triangle,  it
lies outside.

The
Incenter:
Where
Angle
Bisectors
Meet
Similarly,  the  three
angle  bisectors  of  a
triangle are concurrent
at  the  incenter.  The
incenter  is  equidistant
from  all  three  sides,
making it the center of
the inscribed circle (the
incircle).  Problems
involving  the  incenter
often  ask  you  to  find
the length of the radius
of  the  incircle  or  to
locate  the  incenter
using  angle  bisector
c o n s t r u c t i o n s .
Understanding  the
relationship  between
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the  incenter  and  the
A n g l e  B i s e c t o r
Theorem  is  essential
for  deriving  correct
L e s s o n  5  1
Perpendicular  And
Angle  Bisectors
Answers .

Comparin
g the
Circumce
nter and

Incenter
Students  sometimes
confuse  these  two
centers. A helpful way
to  remember:  The
circumcenter  deals
with  perpendicular
bisectors  and  the
v e r t i c e s
(circumference),  while
the incenter deals with
angle  bisectors  and
the  sides  (interior).
Both  concepts  are
central to Lesson 5.


