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INTRODUCTION:
THE HUMBLE
ORIGIN OF
MATHEMATICAL
SPACE

At  first  glance,  a  point
seems like the simplest
thing  in  mathematics.
A mere dot on a page,
a location on a map, or
a coordinate in a grid.
Yet,  to  dismiss  the
point  as  trivial  would
be to overlook the very
foundation upon which
geometry,  algebra,
trigonometry,  calculus,
and  even  modern
physics  are  built.  The
meaning of point in
math is far richer and

more abstract than its
e v e r y d a y  v i s u a l
r e p r e s e n t a t i o n
s u g g e s t s .  I t  i s  a
c o n c e p t  t h a t  h a s
f a s c i n a t e d
mathematicians  for
millennia,  evolving
from  a  physical  mark
i n t o  a  p u r e ,
dimensionless  idea.
Understanding  this
fundamental  building
block  is  not  just  an
academic exercise; it is
the  first  step  toward
g r a s p i n g  h o w  w e
model  the  universe,
from the subatomic to
the cosmic scale.  This
article will  explore the
multifaceted  meaning
o f  t h e  p o i n t  i n
mathematics,  tracing
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its  definition,  its
properties,  its  various
t y p e s ,  a n d  i t s
indispensable  role
a c r o s s  m u l t i p l e
b r a n c h e s  o f  t h e
discipline.

THE FORMAL
DEFINITION: WHAT
EXACTLY IS A
POINT?

I n  m o d e r n
mathematics, a point is
defined  as  a  primitive,
or  undefined,  notion.
Th i s  m igh t  sound
evasive,  but  it  is  a
d e l i b e r a t e  a n d
powerful  choice.  A
point is the most basic
element  of  geometry;
it  has  no  definition  in
t e r m s  o f  s i m p l e r
objects.  Instead,  we
define  it  by  its
propert ies  and  i ts
relationships  to  other
geometric entities. The
most  crucial  of  these
properties  is  that  a
p o i n t  h a s  n o

dimension.  It  has  no
length,  no  width,  no
h e i g h t ,  a n d  n o
thickness.  It  occupies
no volume and has no
area. A point is simply
a location in space.
This abstract nature is
what  makes the point
so versatile.  While  we
draw a point as a small
dot on paper, that dot,
under  a  microscope,
has  area.  The  true
mathematical  point  is
an  ideal izat ion—a
precise  location  with
zero size. This concept
w a s  f o r m a l l y
crystallized  in  Euclid's
Elements ,  wr i t ten
around 300 BCE, where
he  famously  defined  a
point  as  "that  which
has  no  part . "  Th is
remarkably  concise
definition  has  served
as  the  cornerstone  of
geometry for over two
thousand years. Today,
mathematicians  treat
points as the atoms of
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geometric  space,  the
fundamental units from
which  lines,  planes,
and  solid  figures  are
constructed.

Points as
Undefine
d Terms
The  decision  to  leave
"point"  undefined  is  a
hallmark  of  modern,
a x i o m a t i c
mathematics.  In  a
fo rma l  ax iomat i c
system, you must start
s o m e w h e r e .  Y o u
cannot  define  every
word  without  infinite
regress.  Therefore,
mathematicians  select
a  s m a l l  s e t  o f
undefined terms (like
point,  line,  and plane)
and  then  define  all
other  terms  us ing
them. The meaning of
these  undefined  terms

i s  o n l y  p a r t i a l l y
specified  by  a  set  of
axioms—statements
that are assumed to be
true without proof. For
example,  one  axiom
might  state  that  "for
any two distinct points,
there  is  exactly  one
l ine  that  conta ins
them."  This  axiom
gives the term "point"
meaning in relation to
"line,"  without  ever
telling you what a point
is  in  absolute  terms.
This  elegant  approach
e n s u r e s  l o g i c a l
precision  and  avoids
circular  definitions.

PROPERTIES OF A
POINT: THE RULES
OF THE GAME

Because a point is  an
undefined  term,  its
meaning  is  conveyed
through its  properties,
which  are  established
b y  a x i o m s  a n d
theorems. Here are the
most  fundamental



4

4 Meaning Of Point In Math 2023-12-03

properties  associated
w i t h  p o i n t s  i n
Euclidean geometry:

No Dimension:
As mentioned, a
point has zero
dimensions. It is
the only 0-
dimensional
object in
standard
geometry.
Position Only:
A point's sole
attribute is its
location in space.
This location is
often described
using
coordinates.
Distinctness:
Points are
individual and
distinct. Two
points are either
the same point
or they are
different points.
Determining
Lines: Two
distinct points
determine a

unique straight
line passing
through both of
them. This is a
foundational
axiom of
geometry.
Incidence: A
point can lie on a
line or in a plane
(or not). This
relationship is
called incidence.

These properties might
seem obvious, but they
are  the  bedrock  upon
which  all  of  geometry
is built. Without a clear
understanding of what
a  point  is  and how it
behaves,  we  cannot
discuss  lines,  angles,
shapes, or curves with
a n y  r i g o r .  T h e
meaning of point in
math  i s  therefore
inseparable  from  the
logical  framework  in
which  it  resides.
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HISTORICAL
PERSPECTIVES:
FROM DOT TO

ABSTRACTION

The  journey  of  the
point  from  a  physical
dot to a purely abstract
concept is a fascinating
story in the history of
mathematics.

Euclid's
Foundatio
n
Euclid's  definition,  "a
point is that which has
n o  p a r t , "  w a s  a
revolutionary  leap
toward  abstraction.
B e f o r e  E u c l i d ,
geometry  was  often
practical and empirical,
concerned  with  land
measurement  and
construction.  Euclid's
a p p r o a c h  w a s
theoretical.  He  asked

his readers to imagine
a  point  as  a  location
with  absolutely  no
magnitude. This act of
idealization—separatin
g the concept from its
p h y s i c a l
representation—is  one
of the great intellectual
a c h i e v e m e n t s  o f
antiquity.

The Rise
of
Coordinat
e
Geometry
Over a thousand years
later,  the  meaning  of
point was dramatically
expanded by the work
of René Descartes and
Pierre de Fermat. Their
d e v e l o p m e n t  o f
analytic  geometry
( a l s o  k n o w n  a s
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coordinate  geometry)
allowed a  point  to  be
represented by a set of
n u m b e r s ,  o r
coordinates.  On  a  2D
p l a n e ,  a  p o i n t  i s
d e s c r i b e d  b y  a n
ordered pair  (x,  y).  In
3 D  s p a c e ,  i t  i s
described  by  a  triple
( x ,  y ,  z ) .  T h i s
breakthrough  was
monumental.  It  meant
t h a t  g e o m e t r i c
problems about points,
lines, and shapes could
be  translated  into
algebraic  equations.
Fo r  examp le ,  t he
condition "the point (x,
y)  l ies  on  a  c irc le"
could be expressed as
the equation x² + y² =
r².  The  point  was  no
longer just a geometric
object;  it  was also  an
algebraic one.

The

Modern
Axiomatic
View
In  the  19th  and  20th
centuries, mathematics
became  increasingly
formal.  The  work  of
mathematicians  like
David  Hilbert  showed
that  the  meaning  of
" p o i n t "  c o u l d  b e
completely  separated
from  any  intuit ive
notion.  In  Hilbert's
axiomatic system, one
could  define  points,
lines,  and  planes  as
any objects that satisfy
the  g iven  ax ioms.
These objects could be
tab les ,  cha i r s ,  o r
abstract  symbols—it
did  not  matter.  The
o n l y  t h i n g  t h a t
mat tered  was  the
logical  relationships
between them. This is
t h e  u l t i m a t e
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a b s t r a c t i o n :  t h e
meaning of point in
math  i s  e n t i r e l y
determined by its role
within a formal system.

TYPES OF POINTS
IN GEOMETRY

While  all  points  share
t h e  f u n d a m e n t a l
proper ty  o f  be ing
d i m e n s i o n l e s s
locations,  they  are
often  given  specific
names based on their
geometric  significance.
Understanding  these
terms  is  crucial  for
n a v i g a t i n g  t h e
language of geometry.

Collinear
and Non-
Collinear

Points
Collinear
Points: Three or
more points are
said to be
collinear if they
lie on a single
straight line. If
points A, B, and
C are collinear,
there is a line
that contains all
three.
Non-Collinear
Points: Points
that do not all lie
on the same line.
Three non-
collinear points
are essential for
defining a plane.

Coplanar
and Non-
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Coplanar
Points

Coplanar
Points: Four or
more points are
coplanar if they
all lie within the
same plane. Any
two or three
points are always
coplanar (since a
line and a point
determine a
plane).
Non-Coplanar
Points: Points
that do not all lie
in the same
plane. For
example, the
four vertices of a
triangular
pyramid (a
tetrahedron) are
non-coplanar.

Special
Points in
Triangles
and
Shapes
M a n y  g e o m e t r i c
constructions  involve
points  with  special
properties.  These  are
frequently  studied  in
geometry:

Midpoint: The
point on a line
segment that
divides it into
two equal
lengths.
Centroid: The
intersection point
of a triangle's
three medians
(lines from each
vertex to the
midpoint of the
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opposite side). It
is the triangle's
center of mass.
Circumcenter:
The point where
the
perpendicular
bisectors of the
sides of a
triangle
intersect. It is the
center of the
circumcircle (the
circle that passes
through all three
vertices).
Incenter: The
intersection point
of the triangle's
three angle
bisectors. It is
the center of the
incircle (the
circle tangent to
all three sides).
Orthocenter:
The intersection
point of the three
altitudes of a
triangle.
Point of
Tangency: The

single point
where a tangent
line touches a
curve.
Point of
Inflection: A
point on a curve
where the
curvature
changes sign
(e.g., the curve
changes from
concave up to
concave down).
Vertex (or
Vertices): A
point where two
or more curves,
lines, or edges
meet. In a
polygon, the
vertices are the
corners. A
parabola has a
single vertex at
its maximum or
minimum point.

POINTS IN
COORDINATE
GEOMETRY

The coordinate system
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provides  a  powerful
w a y  t o  w o r k  w i t h
points.  The  meaning
of  point  in  math
becomes  numerically
p r e c i s e .  I n  a  2 D
Cartesian  coordinate
system,  a  po int  i s
defined  by  an  ordered
pa i r  (x ,  y ) .  The  x -
coordinate indicates its
horizontal  position
from the origin (0, 0),
and  the  y-coordinate
indicates  its  vertical
position.

The Origin: The
point (0, 0) is the
reference point
of the coordinate
system, the
intersection of
the x-axis and
the y-axis.
Axes and
Quadrants: The
x-axis
(horizontal) and
y-axis (vertical)
divide the plane
into four
quadrants. Points

can be located in
any quadrant or
on an axis.
Distance
Between Two
Points: The
distance d
between point A
(x₁, y₁) and point
B (x₂, y₂) is given
by the distance
formula, which is
derived from the
Pythagorean
theorem: d =
√[(x₂ - x₁)² + (y₂ -
y₁)²].
Midpoint
Formula: The
midpoint M
between two
points is the
average of their
coordinates: M =
((x₁ + x₂)/2, (y₁ +
y₂)/2).
Vectors: A
vector can be
thought of as a
directed line
segment from
one point (the
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initial point) to
another (the
terminal point).
Points are the
start and end of
vectors.

In three dimensions, a
point is represented by
a  t r i p l e  ( x ,  y ,  z ) ,
extending  the  same
principles.  In  higher
dimensions (e.g., 4D or
n-dimensional  space),
a point is  represented
by an n-tuple, such as
(x₁, x₂, x₃, ..., xₙ). This
shows  the  remarkable
p o w e r  o f  t h e
coordinate system: the
concept  of  a  point
generalizes naturally to
a n y  n u m b e r  o f
dimensions.

POINTS IN
ADVANCED
MATHEMATICS

The concept of a point
extends  far  beyond
basic  geometry.  It  is
c e n t r a l  t o  m a n y

advanced  fields.

Calculus
and
Limits
In calculus, the idea of
a  l i m i t  i n v o l v e s
considering points that
get arbitrarily close to
a  target  point.  The
derivative at a point is
t h e  s l o p e  o f  t h e
tangent  line  at  that
point.  The  integral
involves  summing
values  at  infinitely
many  po in ts .  The
c o n c e p t  o f  a
continuous  function  is
defined  using
ne ighborhoods  o f
points.

Topology
Topology,  sometimes
called  "rubber-sheet
geometry," is the study
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of  properties  that  are
p r e s e r v e d  u n d e r
c o n t i n u o u s
de fo rmat i ons .  I n
topology,  points  are
t h e  f u n d a m e n t a l
elements of a set, but
t h e  s t r u c t u r e  i s
provided by open sets
and  neighborhoods.
The nature of points in
a space (e.g., whether
every pair of points can
be separated by open
sets)  defines  the
space's  properties.

Linear
Algebra
In  l inear  a lgebra ,
points in n-dimensional
space are represented
as vectors. A vector is
often  thought  of  as  a
directed  line  segment
from  the  origin  to  a
point.  The  set  of  all

points in n-dimensional
space,  together  with
vector  addition  and
scalar  multiplication,
forms a vector space.
Th is  f ramework  is
essential  for  solving
systems  of  equations,
computer  graphics,
and  machine  learning.

Abstract
Geometry
(Projectiv
e and
Non-
Euclidean
)

Project


