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Introduction To Lagrangian And
Hamiltonian Mechanics

INTRODUCTION TO LAGRANGIAN AND HAMILTONIAN
MECHANICS: A FRESH PERSPECTIVE ON MOTION

When students first encounter classical mechanics, they typically
study Newton's laws of motion. This approach, while powerful,
often becomes cumbersome when dealing with complex systems
like pendulums with moving supports, rotating bodies, or multi-
particle interactions. Enter Lagrangian and Hamiltonian
mechanics — two reformulations of classical physics that provide
deeper insight and greater mathematical elegance. This
introduction to Lagrangian and Hamiltonian mechanics will
explore how these frameworks simplify problem-solving, reveal
conserved quantities, and lay the groundwork for modern
physics, including quantum mechanics and relativity.

Both Lagrangian and Hamiltonian mechanics shift focus from
forces to energies. Where Newton uses vectors and forces, these
methods use scalar quantities — kinetic and potential energy —
and exploit symmetry to find conservation laws. This makes them
indispensable for advanced physics and engineering. Let us begin
our journey by understanding the foundational concepts and then
seeing how they interconnect.

THE CORE IDEA: ENERGY OVER FORCE

Newton's second law, \(\mathbf{F} = m\mathbf{a}\), requires
knowing every force acting on a system. In many problems,
forces are difficult to model directly (e.g., constraints like a bead
on a wire). Lagrangian mechanics bypasses this by introducing
the Lagrangian function, usually denoted as \(L = T - V\), where
\(T\) is kinetic energy and \(V\) is potential energy. The equations
of motion are then derived from a single principle: the principle of
least action.

Similarly, Hamiltonian mechanics introduces the Hamiltonian
\(H =T + V\) (total mechanical energy in many cases) and uses it
to generate equations of motion that are first-order in time,
offering a symmetrical structure that is ideal for connecting with
quantum theory.

LAGRANGIAN MECHANICS: THE PRINCIPLE OF LEAST
ACTION

The Action Functional

The centerpiece of Lagrangian mechanics is the action \(S\),
defined as the time integral of the Lagrangian along a path:
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\[ Sla(t)] =\int_{t_1}~{t_2} L(q, \dot{q}, t) \, dt\]

Here, \(q\) represents generalized coordinates — any set of
variables that uniquely describe the system's configuration (e.qg.,
angles, distances, or even more abstract quantities). The
Principle of Least Action (or Hamilton's principle) states that the
actual path taken by the system between two times minimizes
(or extremizes) the action. This leads to the Euler-Lagrange
equations:

\[ \frac{d}{dt} \left( \frac{\partial L} {\partial \dot{q} i} \right) -
\frac{\partial L} {\partial q_i} = 0\]

For each generalized coordinate \(g_i\), these equations yield the
equations of motion without needing to account for constraint
forces explicitly.

Advantages of the
Lagrangian Formulation

¢ Coordinate independence: You can choose any
generalized coordinates that fit the problem — even non-
inertial ones — and the Euler-Lagrange equations remain
valid.

e Handling constraints: Holonomic constraints
(relationships between coordinates) can be incorporated
via Lagrange multipliers or by reducing the number of
coordinates.

 Symmetry and conservation: If the Lagrangian does not
depend explicitly on a coordinate \(q_i\), then the conjugate

momentum \(p_i = \partial L / \partial \dot{q} i\) is
conserved (Noether's theorem).

A Simple Example: The
Simple Pendulum

For a pendulum of length \(I\) and mass \(m\) swinging in a plane,
the natural coordinate is the angle \(\theta\). The kinetic energy is
\(T = \frac{1}{2} m I”2 \dot{\theta} ~2\) and potential energy is
\(V = mgl (1 - \cos\theta)\). The Lagrangian is:
\[L=T-V=\frac{1}{2} m I™2 \dot{\theta}"~2 - mgl (1 -
\cos\theta) \]

Applying the Euler-Lagrange equation gives:

\[ m ["~2 \ddot{\theta} + mgl \sin\theta = 0 \quad \text{or} \quad
\ddot{\theta} + \frac{g}{I} \sin\theta = 0]

This is the familiar equation for a pendulum, derived without
worrying about tension forces. The Lagrangian method elegantly
yields the correct motion.

Degrees of Freedom and
Generalized Coordinates

One of the most powerful aspects of Lagrangian mechanics is the
reduction of degrees of freedom. A system of \(N\) particles in 3D
space normally has \(3N\) coordinates, but constraints reduce this



number. For example, a rigid body has only 6 degrees of freedom
(3 translation, 3 rotation). Generalized coordinates allow you to
work with exactly the minimum number of variables needed.

HAMILTONIAN MECHANICS: FROM SECOND ORDER TO
FIRST ORDER

The Legendre Transform

Hamiltonian mechanics arises from a mathematical
transformation called the Legendre transform. Starting from
the Lagrangian \(L(g, \dot{q}, t)\), we define the conjugate
momentum:

\[ p_i = \frac{\partial L} {\partial \dot{q} i} \]
Then the Hamiltonian \(H\) is defined as:

\[ H(q, p, t) =\sum_i p_i\dot{q} i-L\]

If the Lagrangian is not explicitly time-dependent and the
constraints are scleronomic (time-independent), then \(H\) equals
the total energy \(T+V\). The Hamiltonian is a function of
generalized coordinates and momenta, not velocities.

Hamilton's Equations

Instead of second-order differential equations (like the Euler-
Lagrange equations), Hamilton's equations are a set of first-order
equations:

\[ \dot{q} i = \frac{\partial H} {\partial p_i}, \quad \dot{p} i = -
\frac{\partial H}{\partial q_i} \]

These \(2n\) equations (for \(n\) degrees of freedom) are
symmetrical and often easier to solve numerically. They also
have a beautiful geometric interpretation: the system's state
moves along a trajectory in phase space, a space with
coordinates \((g_i, p_i)\).

Phase Space and Flow

Phase space is a cornerstone of Hamiltonian mechanics. Each
point corresponds to a unique state of the system. As time
evolves, the point traces a curve. An important property is
Liouville's theorem: the volume of a region of phase space
remains constant under Hamiltonian flow. This is a fundamental
result in statistical mechanics and ergodic theory.

Example: Harmonic
Oscillator in Hamiltonian
Form

For a one-dimensional harmonic oscillator with mass \(m\) and
spring constant \(k\), the Hamiltonian is:

\[ H=\frac{p”2}{2m} + \frac{1}{2} k g™2\]

Hamilton's equations become:

\[ \dot{q} = \frac{p}{m}, \quad \dot{p} = -k q\]
Differentiating the first and substituting the second gives



\(\ddot{q} + (k/m) g = 0\), which is the familiar simple harmonic e Both rely on energy (scalars) rather than forces (vectors).

motion equation. The first-order form is ideal for numerical e Both are coordinate independent and can handle
integration. constraints elegantly.

¢ Both lead to conservation laws through symmetries.
COMPARING LAGRANGIAN AND HAMILTONIAN
METHODS

———— Differences
Similarities



