
How To Solve Rational Algebraic Expressions 1

How To Solve Rational Algebraic
Expressions

How To Solve Rational
Algebraic Expressions

Downloaded from
template-dev.mobaptist.org

by Aguirre & Richard

INTRODUCTION

Rational  algebraic  expressions  are  a
cornerstone of intermediate algebra and
beyond.  They  appear  in  fields  ranging
from engineering to economics, making
them  essential  for  students  and
professionals alike. A rational algebraic
expression is simply a fraction where the
numerator  and  denominator  are

polynomials. Examples include 3/(x+2),
(x²−4)/(x−2), and (x+1)/(x²−9). While
they  may  look  intimidating  at  first,
solving  them  involves  a  systematic
approach  that  builds  on  famil iar
arithmetic with fractions. This article will
g u i d e  y o u  t h r o u g h  t h e  e n t i r e
process—from understanding  the  basic
structure  to  simplifying,  performing
operations,  and  solving  equations.  By
the end, you will have a clear, step-by-
step  method  to  tackle  any  rational
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algebraic  expression  with  confidence.

UNDERSTANDING RATIONAL
ALGEBRAIC EXPRESSIONS

Before diving into solving, it is crucial to
understand  what  a  rational  algebraic
expression is and the fundamental rule
that  governs  its  manipulation.  A
rational expression  is  a ratio of  two
polynomials.  The  key  rule  is  that  the
denominator can never be zero, because
division by zero is  undefined.  Therefore,
any value that makes the denominator
zero  is  called  a  restriction  or  an
excluded value.  For  example,  in  the
expression (x+5)/(x−3), x cannot be 3.
Always  identify  these  restrictions  first;
they  are  essential  when  solving
equations later because they may cause
extraneous solutions.

Rational  expressions  are  analogous  to
arithmetic fractions. If you know how to
reduce  6/8  to  3/4,  you  can  simplify
rat ional  expressions.  Similar ly,
multiplying,  dividing,  adding,  and
s u b t r a c t i n g  f o l l o w  t h e  s a m e
patterns—just  with polynomials  instead
of  integers.  The  challenge  is  that
polynomials can factor, and factoring is
the  primary  tool  for  simplification  and
combination.

STEP-BY-STEP GUIDE TO
SOLVING RATIONAL ALGEBRAIC
EXPRESSIONS

We will break down the solving process
into  four  main  operations:  simplifying,
multiplying  and  dividing,  adding  and
subtracting,  and  finally  solving
equations. Each operation builds on the
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previous one.

1. Simplifying
Rational
Expressions
Simplifying a rational expression means
reducing it  to its lowest terms. This is
done exactly like reducing a numerical
fraction:  factor  the  numerator  and
denominator  completely,  then  cancel
any  common  factors.  Here  are  the
detailed steps:

Factor both numerator and
denominator completely. Look
for common monomial factors,
factoring by grouping, difference

of squares, sum/difference of
cubes, or any other factoring
technique.
Identify restrictions. Set the
original denominator equal to zero
and solve for the variable. Those
values are excluded from the
domain.
Cancel any common factors
that appear in both the numerator
and denominator.
Write the simplified expression
in its factored or expanded form,
and always note the original
restrictions.

Example:  Simplify  (x²−9)/(x²+4x+3).
Factor  numerator:  (x−3)(x+3).  Factor
denominator:  (x+1)(x+3).  Cancel  the
common  factor  (x+3).  The  simplified
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expression is (x−3)/(x+1). Restrictions: x
≠  −3  and  x  ≠  −1  ( f rom  or ig ina l
denominator).  Note  that  x  =  −3  is
excluded  even  though  it  cancels,
because  the  original  expression  is
undefined  there.
Simplifying is the foundation for all other
operations.  Always  simplify  before
performing  multiplication,  division,
addition,  or  subtraction  to  avoid
unnecessary  complexity.

2. Multiplying
and Dividing

Rational
Expressions
Multiplication of  rational  expressions is
straightforward:  multiply  numerators
together  and  denominators  together,
then simplify. Division follows the same
pattern  as  arithmetic:  multiply  the  first
expression  by  the  reciprocal  of  the
second. Steps:

Factor all numerators and1.
denominators completely.
For division: take the reciprocal2.
of the second expression (swap
numerator and denominator) and
change the division sign to
multiplication.
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Multiply across: write the3.
product of all factors in the
numerator over the product of all
factors in the denominator.
Cancel common factors before4.
multiplying if possible (this is often
easier than multiplying first then
simplifying).
State restrictions from the5.
original denominators (including
the denominator of the reciprocal
in division).

Example:  Multiply  (x²−4)/(x+3)  ×
(x+3)/(x−2). Factor: (x−2)(x+2)/(x+3) ×
(x+3)/(x−2).  Cancel  common  factors:
(x+3) cancels, (x−2) cancels. The result
is (x+2). Restriction: x ≠ −3, x ≠ 2 (from
original denominators).
For  division,  consider:  (x²−1)/(x+2)  ÷

(x−1)/(x+2). This becomes (x²−1)/(x+2)
× (x+2)/(x−1). Factor: (x−1)(x+1)/(x+2)
× (x+2)/(x−1). Cancel (x+2) and (x−1),
leaving x+1. Restrictions: x ≠ −2, x ≠ 1.

3. Adding and
Subtracting
Rational
Expressions
Addition  and  subtraction  require  a
common  denominator ,  just  l ike
numerical  fractions.  The  process
involves  finding  the  least  common
denominator (LCD) of all denominators,
rewriting  each  expression  with  that
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denominato r ,  then  comb in ing
numerators.  Steps:

Factor each denominator
completely.
Find the LCD by taking each
factor the greatest number of
times it appears in any
denominator.
Rewrite each rational
expression as an equivalent
expression with the LCD. Multiply
numerator and denominator by the
missing factors.
Add or subtract the
numerators and keep the
common denominator.
Simplify the resulting
expression if possible by
factoring the numerator and

canceling common factors with the
denominator.
State restrictions from the
original denominators and the final
denominator (if any).

Example:  Add  3/(x−1)  +  5/(x+2).
Denominators are (x−1) and (x+2). LCD
=  ( x − 1 ) ( x + 2 ) .  R e w r i t e :
3 ( x + 2 ) / [ ( x − 1 ) ( x + 2 ) ]  +
5(x−1)/ [ (x−1)(x+2)] .  Combine
numerators:  (3x+6+5x−5)/[(x−1)(x+2)]
= (8x+1)/[(x−1)(x+2)].  Cannot simplify
further. Restrictions: x ≠ 1, x ≠ −2.
Subtraction works the same way, but be
careful  to  distribute  the  negative  sign
across  the  entire  numerator  of  the
subtracted  expression.  For  example,
(x+3)/(x−4) − (2x−1)/(x−4) = (x+3 −
(2x−1))/(x−4)  =  (x+3−2x+1)/(x−4)  =
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(−x+4)/(x−4)  =  −(x−4)/(x−4)  =  −1,
with restriction x ≠ 4.

4. Solving
Rational
Equations
A rational equation is an equation that
conta ins  one  o r  more  ra t i ona l
expressions. The goal is to solve for the
variable.  The  standard  method  is  to
e l iminate  the  denominators  by
multiplying both sides of the equation by
the  LCD.  However,  this  can  introduce
extraneous solutions—values that satisfy
the  resulting  equation  but  make  the
original expression undefined. Therefore,

checking  against  the  restrictions  is
essential.  Steps:

Identify restrictions by finding1.
any values that make any
denominator zero.
Find the LCD of all denominators2.
in the equation.
Multiply both sides of the3.
equation by the LCD. This clears
all denominators.
Solve the resulting equation4.
(which is usually linear or
quadratic).
Check each solution against the5.
restrictions. Discard any that are
extraneous.

Example: Solve 1/(x−2) + 3 = 4/(x−2).
Restrictions:  x  ≠  2.  LCD  =  (x−2).
Multiply both sides: (x−2)[1/(x−2)+3] =
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(x−2)[4/(x−2)]  →  1  +  3(x−2)  =  4.
Simplify: 1 + 3x − 6 = 4 → 3x − 5 = 4 →
3x = 9 → x = 3.  Since x=3 is  not  a
restriction, it is a valid solution.
Another  example:  Solve  x/(x+2)  =
2/(x+2) + 1. Restrictions: x ≠ −2. LCD =
(x+2).  Multiply:  (x+2)*x/(x+2)  =
(x+2)*(2/(x+2)+1) → x = 2 + (x+2) → x
=  x  +  4  →  0  =  4,  contradiction.  No
solution.  The  original  equation  has  no
solut ion  because  after  c lear ing
denominators we get a false statement.
Always be prepared for this possibility.
When  the  equat ion  resu l ts  in  a
quadratic,  you  may  get  two  potential
so lu t ions .  Fo r  ins tance ,  so lve
(x+1)/(x−1)  =  (2x)/(x+3).  Multiply  by
(x−1)(x+3):  (x+1)(x+3)  =  2x(x−1)  →
x²+4x+3 = 2x²−2x → 0 = x²−6x−3 →
Use  quadratic  formula:  x  =  3±2√3.

Check restrictions: x ≠ 1 and x ≠ −3.
Both solutions are valid. No extraneous
ones.

COMMON PITFALLS AND HOW TO
AVOID THEM

Even  experienced  students  make
mistakes with rational expressions. Here
are the most frequent errors and tips to
avoid them:

Forgetting restrictions: Always
determine excluded values before
simplifying or solving. Write them
at the beginning of your work and
check them at the end.
Incorrect cancellation: You can
only cancel factors that are
multiplied, not terms that are
added or subtracted. For example,



How To Solve Rational Algebraic Expressions 9

9

(x+3)/(x+2) cannot be simplified
by canceling the x. Factor first.
Mishandling subtraction: When
subtracting rational expressions,
remember to distribute the minus
sign to every term in the
numerator of the second
expression. Use parentheses to
avoid sign errors.
Forgetting to multiply every
term by LCD: When solving
equations, multiply every term on
both sides by the LCD, not just the
fractions. A common mistake is to
only multiply the rational terms.
Not checking for extraneous
solutions: After solving a rational
equation, always plug the
solutions back into the original

equation or simply compare them
to your list of restrictions.

By keeping these pitfalls  in  mind,  you
can significantly reduce errors and build
confidence.

PRACTICE PROBLEMS AND
SOLUTIONS

To solidify your understanding, try these
problems on your own before checking
the solutions.
Problem 1: Simplify (2x²−8)/(x²−x−6).
Solution:  Factor  numerator:  2(x²−4)  =
2(x−2)(x+2).  Factor  denominator:
(x−3)(x+2).  Cancel  (x+2).  Simplified:
2(x−2)/(x−3).  Restrictions:  x  ≠ 3,  x  ≠
−2.
Problem 2


