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AN INTRODUCTION
TO GENERAL
TOPOLOGY: THE
FOUNDATIONS OF
MODERN ANALYSIS
AND GEOMETRY

General topology, often
referred to as point-set
t o p o l o g y ,  i s  a
fundamental branch of
mathemat ics  that
explores  the  abstract
concept  of  "nearness"
and continuity  without
relying  on  traditional
metrics or distances. It
forms the  bedrock  for
m u c h  o f  m o d e r n
analysis,  geometry,
and even data science.
For  anyone  venturing

d e e p e r  i n t o  p u r e
m a t h e m a t i c s  o r
theoretical  physics,  an
introduction to general
topology is not merely
an  academic  exercise
— it  is  a  gateway  to
understanding  how
spaces  behave  when
we  s t r ip  away  the
notion of distance and
focus  purely  on  the
idea  of  openness  and
limits.  This  art icle
p r o v i d e s  a
c o m p r e h e n s i v e ,
b e g i n n e r - f r i e n d l y
introduction to general
topology,  covering  its
core  motivations,  key
definitions,  and  its
powerful  applications.
T h e  j o u r n e y  i n t o
genera l  topo logy
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begins  with  a  simple
question: what does it
mean for a function to
be  cont inuous?  In
calculus,  we  define
c o n t i n u i t y  u s i n g
e p s i l o n - d e l t a
arguments,  which  rely
heavily  on  distances.
But  what  i f  we  are
working  with  a  space
that  has  no  natural
notion of distance? For
example,  consider  the
set  of  all  infinite
sequences  of  0s  and
1s, or the space of all
continuous  functions
on  an  interval.  These
are  not  simply  points
on  a  line  or  a  plane.
Yet  mathematicians
realized that continuity
and  convergence  can
still  be  defined  in  a
purely qualitative way.
This insight led to the
d e v e l o p m e n t  o f
general  topology,
wh i ch  p rov ides  a
framework for studying
properties  that  are

p r e s e r v e d  u n d e r
c o n t i n u o u s
d e f o r m a t i o n s  —
p r o p e r t i e s  l i k e
c o n n e c t e d n e s s ,
compactness,  and  the
separation of points.

Why
Study
General
Topology
?
Before  div ing  into
definitions,  it  is  helpful
to  understand  why
general  topology is so
important. At its heart,
topology  answers  the
q u e s t i o n :  " W h a t
remains  the  same
when we stretch, twist,
or  compress  a  space,
as long as we do not
tear  or  glue  it?"  This
i n t u i t i v e  i d e a  i s
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formalized through the
c o n c e p t  o f  a
topological  space.  In
modern  mathematics,
topo logy  appears
everywhere:  in  the
study  of  differential
equat ions ,  i n  the
analysis  of  manifolds,
in  algebraic  topology
(which  studies  shapes
using  algebraic  tools),
and  even  in  fields  like
data  science  through
t o p o l o g i c a l  d a t a
a n a l y s i s .  A n
introduction to general
t o p o l o g y  e q u i p s
learners  w i th  the
language  to  discuss
openness,  closure,
c o n t i n u i t y ,  a n d
convergence in a way
that  applies  to  infinite-
dimensional  spaces as
well as finite ones.

Core

Concepts
in
General
Topology
We  begin  wi th  the
most  fundamental
building  block:  the
topological  space.  A
topological  space  is  a
set  X  together  with  a
collection  of  subsets
cal led  open  sets ,
which  must  satisfy
three  axioms:

The empty set
and X itself are
open.
Any union (finite
or infinite) of
open sets is
open.
Any finite
intersection of
open sets is
open.
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This  seemingly  simple
s t r u c t u r e  i s
e x t r a o r d i n a r i l y
powerful.  It  allows  us
to  define  continuity  in
a  purely  set-theoretic
way: a function f: X →
Y  between topological
spaces is continuous if
the preimage of every
open set in Y is open in
X.  This  definition  does
not require any notion
of  distance,  making  it
app l i cab le  to  any
topological  space.
For  those  new to  the
subject,  the  standard
e x a m p l e  o f  a
topological  space is  ℝ
(the real numbers) with
the usual open sets —
intervals like (a,b) and
their unions. But many
other  topologies  exist,
such  as  the  discrete
topology (where every
subset is open) or the
trivial  topology (where
only the empty set and
the  who le  se t  a re
open).  Understanding

these  examples  is  a
k e y  p a r t  o f  a n y
introduction to general
topology.

Bases
and
Subbases
Rather  than  listing  all
open  sets,  it  is  often
convenient to describe
a  smaller  collection
that  generates  the
topology. A basis is a
collection of open sets
such  that  every  open
set can be written as a
u n i o n  o f  b a s i s
elements. For example,
the  set  of  a l l  open
intervals (a,b) forms a
basis  for  the  usual
t o p o l o g y  o n  ℝ .  A
subbasis  is  an  even
smal ler  col lect ion
whose  finite
intersections  form  a
basis. This hierarchical
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structure  simplifies  the
study  of  complicated
spaces by focusing on
simpler building blocks.

Closed
Sets,
Closure,
and
Interior
Once  we  have  open
sets,  we  can  define
c l o s e d  s e t s  a s
complements  of  open
s e t s .  T h i s  d u a l
perspective  is  crucial.
Closure  of  a set A is
the smallest closed set
containing A, while the
interior  is the largest
open set  contained in
A.  The  boundary  (or
frontier)  consists  of
points that are both in
the closure of A and in
the  c l osu re  o f  i t s

complement.  These
concepts  allow  us  to
discuss  l imits  and
accumulation  points
without  relying  on
sequences,  though
sequences  still  play  a
role  in  certain  spaces
(called  first-countable
spaces).
In a general topological
space,  a  point  x  is  a
limit point of a set A if
e v e r y  o p e n  s e t
containing  x  contains
some other point of A.
The  set  of  a l l  l imit
points  plus  A  itself
g ives  the  c losure.
Understanding  these
finer  points  of  set
topology  is  essential
fo r  tack l ing  more
advanced  topics  like
compactness.

Compact
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ness: A
Cornersto
ne of

Topology
O n e  o f  t h e  m o s t
important  properties
s t u d i e d  i n  a n
introduction to general
t o p o l o g y  i s
compactness .  A
topological  space  is
compact if every open
cover  (a  collection  of
open sets whose union
equa l s  t he  who le
space)  has  a  finite
subcover.  In Euclidean
space, the Heine-Borel
theorem tells us that a
subset of ℝⁿ is compact
if and only if it is closed
and  bounded.  But  in
general  topology,
compactness  is  more
subtle  —  it  does  not
requ i re  a  met r i c .

C o m p a c t  s p a c e s
behave much like finite
sets in many ways; for
instance,  continuous
functions  on  compact
spaces  are  bounded
a n d  a t t a i n  t h e i r
m a x i m u m  a n d
minimum (the extreme
v a l u e  t h e o r e m
g e n e r a l i z e s ) .
Compactness  is  also
p r e s e r v e d  u n d e r
continuous  images,
making it a topological
invariant.

Connecte
dness:
The
Essence
of Being
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One Piece
Another  fundamental
c o n c e p t  i s
connectedness.  A
topological  space  is
connected if  it  cannot
b e  s p l i t  i n t o  t w o
disjoint  non-empty
o p e n  s u b s e t s .
Intuitively, a connected
space  is  "all  in  one
piece."  The  interval
[0,1]  is  connected,
while  the  set  (0,1)  ∪
( 2 , 3 )  i s  n o t .
Connectedness  has
many  applications  in
analysis,  for  example,
the intermediate value
theorem states  that  a
continuous  function
f rom  a  connected
space to ℝ takes every
value between any two
of  its  values.  General
topology  also  studies
path-connectedness,
which  is  a  stronger
condition requiring that
any two points can be

joined by a continuous
path.  For  many  nice
spaces (like manifolds),
the  two  concep ts
coincide.

Separatio
n Axioms:
From T₀
to T₅
Not  al l  topological
spaces  are  equally
well-behaved.  The
separation  axioms
classify  spaces  based
on how well points and
closed  sets  can  be
separated  by  open
s e t s .  T h e  m o s t
common  are:

T₀
(Kolmogorov):
For any two
distinct points,
there is an open
set containing
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one but not the
other.
T₁ (Fréchet):
Every singleton
set is closed.
T₂ (Hausdorff):
Any two distinct
points have
disjoint open
neighborhoods.
This is the most
commonly
assumed axiom
in analysis.
T₃ (Regular +
T₁): A closed set
and a point not
in it can be
separated by
open sets.
T₄ (Normal +
T₁): Two disjoint
closed sets can
be separated by
open sets.

Understanding  these
axioms  is  v i ta l  for
applying theorems like
Urysohn ’s  l emma
(which holds for normal
spaces)  or  the  Tietze
extension  theorem.  A

solid  introduction  to
general  topology  will
cover these axioms in
deta i l ,  o f ten  wi th
counterexamples.

Continuo
us
Functions
and
Homeom
orphisms
O n c e  w e  h a v e
topological spaces, the
natural  maps between
them  are  continuous
functions.  Two  spaces
a r e  c o n s i d e r e d
t o p o l o g i c a l l y
equivalent  if  there
e x i s t s  a
h o m e o m o r p h i s m
between  them  —  a
bijective  continuous
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function whose inverse
is  also  continuous.
Topology is essentially
the study of properties
that  are  preserved
u n d e r
homeomorphisms.  For
example, a circle and a
s q u a r e  a r e
homeomorphic  (they
can  be  continuously
deformed  into  each
other), but a circle and
a line segment are not.
Learning  to  recognize
when  two  spaces  are
topologically the same
is  a  central  ski l l  in
topology.

Product
and
Quotient
Topologie

s
A d v a n c e d
constructions  allow  us
to  build  new  spaces
from  old  ones.  The
product topology  on
a Cartesian product of
spaces  is  defined  so
that  projections  are
c o n t i n u o u s .  T h e
quotient topology  is
used  when  we  glue
points  together  —  for
example,  gluing  the
ends of a strip gives a
Möbius  band.  These
construct ions  are
essential  in  geometry
and algebraic topology.

Applicatio
ns of
General
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Topology
Beyond
Pure

Math
While general topology
may seem abstract, its
impact  extends  far
beyond  mathematics.
In  physics,  topology
underlies  the study of
s p a c e t i m e ,  a n d
c o n c e p t s  l i k e
compactness are used
in general relativity. In
computer  science,
topology  appears  in
domain  theory  and
s e m a n t i c s  o f
p r o g r a m m i n g
languages.  In  data
analysis,  topological
data  analysis  (TDA)
u s e s  t o o l s  f r o m
persistent homology —
rooted  in  algebraic
topology  —  to  study

the  shape  of  data.  A
sol id  grounding  in
point-set  topology  is
the  first  step  toward
t h e s e  m o d e r n
applications.

Tips for
Learning
General
Topology
F o r  s t u d e n t s
e m b a r k i n g  o n  a n
introduction to general
topology, patience and
practice are key. Start
b y  f a m i l i a r i z i n g
y o u r s e l f  w i t h
examples: the real line,
the plane, discrete and
indiscrete  spaces,  and
the  cofinite  topology.
D r a w  p i c t u r e s  t o
understand  concepts
like open sets, closure,
and  boundary.  Work
through  the  classic
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theorems:  the  Heine-
B o r e l  t h e o r e m ,
Urysohn's  lemma,  and
Tychonoff's  theorem
( t h e  p r o d u c t  o f
compact  spaces  is
c o m p a c t ) .  M a n y
excellent  textbooks,
such  as  Munkres '
"Topology"  or  Kelley's
"General  Topology,"
provide  rigorous  yet
accessible  treatments.
Online  resources  and
video lectures can also
supplement learning.

CONCLUSION

An  introduct ion  to
general topology opens
u p  a  n e w  w a y  o f
thinking  about  space
and  continuity.  By
f o c u s i n g  o n  t h e
abstract  properties  of
open  sets,  we  gain  a

language  that  unifies
geometry,  analysis,
and  algebra.  Whether
you  are  interested  in
pure  mathematics,
theoretical  physics,  or
data  sc ience ,  the
concepts of open sets,
c o m p a c t n e s s ,
connectedness,  and
c o n t i n u i t y  a r e
indispensable tools. As
you progress,  you will
find  that  general
topology  is  not  just  a
collection of  definitions
— it is a beautiful and
logical  framework that
reveals  the  hidden
s t r u c t u r e  o f  t h e
mathematical universe.
E m b r a c e  t h e
abstraction,  and  you
will discover a world of
limitless  shape  and
form.


