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UNDERSTANDING THE DISTRIBUTIVE LAW IN BOOLEAN ALGEBRA: A COMPLETE GUIDE

Boolean algebra, named after the mathematician George Boole, is a branch of algebra that deals with variables that have only two possible values:
true (1) and false (0). This mathematical system is not only fundamental to computer science and digital circuit design but also provides a rigorous
framework for logical reasoning. At the heart of this system lies a set of fundamental laws, and among them, the distributive law holds a place of
particular importance. This article provides a comprehensive and detailed exploration of the proof of distributive law in Boolean algebra, breaking
down its statements, verification methods, and real-world significance.

WHAT IS THE DISTRIBUTIVE LAW IN BOOLEAN ALGEBRA?

In standard arithmetic and algebra, the distributive law states that multiplication distributes over addition: A x (B + C) = (A x B) + (A x C). Boolean
algebra, however, is unique because it possesses two distributive laws, each governing the relationship between the logical AND (-) and logical OR (+)
operators. These two laws are duals of each other, a concept we will explore in depth.

The two forms of the distributive law are:

¢ First Distributive Law: A- (B+C)=(A-B) + (A:-C)
e Second Distributive Law: A+ (B-C)=(A+B): - (A+C)

The second law is particularly notable because it has no direct analogue in ordinary algebra. In standard arithmetic, adding a number to a product
does not distribute over multiplication. This unique property makes Boolean algebra both powerful and distinct from conventional mathematics.

Proof of the Second Distributive Law: A+ (B-C) = (A + B) : (A
+ C)

Similarly, we can prove the second distributive law using a truth table. This law is particularly interesting because it does not hold in ordinary
arithmetic.

ABCB-CA+(B-C)A+BA+C(A+B)-(A+C)

0000 0 0 0 0

0010
0100
0111
1000
1010
1100
1111 1 1 1

Again, the columns for A + (B - C) and (A + B) - (A + C) match exactly for all eight possible input combinations. This truth table provides a complete
and irrefutable proof of distributive law in Boolean algebra for its second form.
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WHY PROOF MATTERS IN BOOLEAN ALGEBRA

METHOD 2: ALGEBRAIC PROOF USING BOOLEAN POSTULATES

Before diving into the proof of distributive law in Boolean algebra, it is useful to understand why formal proof is so critical in this domain. Boolean
algebra is the foundation upon which digital logic is built. Every logic gate in a computer processor, every conditional statement in software, and
every circuit design relies on these algebraic principles. Proving the distributive law provides certainty that the manipulations we perform in logic
design and computer programming are mathematically sound. Without such proofs, the reliability of digital systems would be compromised.

METHOD 1: TRUTH TABLE PROOF OF THE DISTRIBUTIVE LAW

The most direct and intuitive method for proving the distributive law is through the use of truth tables. A truth table enumerates all possible
combinations of input values and shows the corresponding outputs for each side of the equation. If the output columns for both expressions are
identical for every possible input, the law is proved.

Proof of the First Distributive Law: A:- (B+ C)=(A-B) + (A C)

To prove this law, we consider all eight possible combinations of the Boolean variables A, B, and C, since each variable can be either 0 or 1. The
following truth table demonstrates each step of the calculation:

ABCB+CA-(B+C)A-BA-C(A-B)+(A-(C)

0000 0 0 0 0
0011 0 0 0 0
0101 0 0 0 0
0111 0 0 0 0
1000 0 0 0 0
1011 1 0 1 1
1101 1 1 0 1
1111 1 1 1 1

As clearly shown in the table, the column for A - (B + C) and the column for (A - B) + (A - C) are identical for every single row. This perfect match
provides a complete proof of the first distributive law.

While truth tables offer a brute-force verification, a more elegant proof of distributive law in Boolean algebra can be constructed using the
fundamental postulates and identities of the system. This approach demonstrates how the law emerges logically from more basic assumptions.

Algebraic Proof of the First Distributive Law

We begin with the expression A - (B + C) and aim to transform it into (A - B) + (A - C) using known Boolean identities. The proof relies on the following
postulates:

Identity for OR: A+ 0 = A

|dentity for AND: A-1=A

Complement law for OR: A+ A' =1
Complement law for AND: A-A'=0
Commutative, associative, and absorption laws
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One common algebraic proof proceeds as follows. We start by expanding the expression using the fact that B and C can be expressed in terms of
their complements and the universal set:

First, notethatA- (B+ C)=A-(B-1+ C-1) by the identity law. This seems simple, but a deeper algebraic manipulation requires using the property
that each variable can be expressed relative to another variable. A more straightforward algebraic approach is to use the principle of duality and
previously proven theorems.

Another elegant algebraic proof of distributive law in Boolean algebra uses the following steps for the first law:
Consider the left-hand side: LHS = A+ (B + C)

We can write: A- (B + C) = (A-B) + (A - C) by using the theorem that if we multiply A by each term inside the parentheses. However, in a rigorous
axiomatic development, this is precisely what we are proving. Therefore, a self-contained algebraic proof often relies on the complement and identity
postulates.

One well-known approach is to show that both sides are equal by proving that they are both equal to a common expression. For instance:

LetX=A-(B+C)andY=(A-B)+ (A-C). Ifwe canshowthat X -Y'=0and X'-Y =0, then X =Y. This method uses the fact that if two expressions
are equal, their exclusive OR is zero.

However, for the purpose of a clear and understandable proof of distributive law in Boolean algebra, the truth table method remains the most
accessible and widely used for introductory purposes.
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METHOD 3: PROOF BY PERFECT INDUCTION duality. The dual of the first law:
A-B+C)=(A-B)+(A-Q)

becomes, after swapping - with + and vice versa:

Proof by perfect induction is essentially the mathematical formalization of the truth table method. Since Boolean variables can only take two values (0
and 1), a finite number of cases exists for any expression. For the distributive law involving three variables, there are exactly 23 = 8 cases. Perfect
induction verifies the law for each of these eight cases exhaustively. While this method is straightforward, it becomes impractical for expressions with A+ (B-C)=(A+ B) - (A + C)

many variables. Nonetheless, for the distributive law, perfect induction provides a complete and rigorous proof of distributive law in Boolean algebra. This is precisely the second distributive law. Therefore, proving one law is sufficient: the other follows directly from the duality principle. This elegant
THE PRINCIPLE OF DUALITY AND ITS ROLE symmetry is a hallmark of Boolean algebra and greatly simplifies the proof of distributive law in Boolean algebra as a whole.

Understanding the principle of duality is essential for a full appreciation of the proof of distributive law in Boolean algebra. The principle states that APPLICATION OF THE DISTRIBUTIVE LAW IN DIGITAL LOGIC

every algebraic identity in Boolean algebra remains valid if we interchange the AND and OR operators and simultaneously interchange the identity 114 gistributive law is not merely a theoretical curiosity; it has profound practical applications in digital circuit design and
elements 0 and 1. This means that once we have proved the first distributive law, we automatically obtain the second distributive law by applying
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